ON SOME TRIGONOMETRIC SUMMABILITY METHODS
AND GIBBS’ PHENOMENON

BY
OTTO SZASZ

1. Introduction. We consider Fourier sine series
1.1) f(8) ~ > b, sin 6, b, sin v8 = s,(6).
1 1

Suppose that f(+40) exists and is greater than 0, that is f(f) has a simple
jump 2f(40) at §=0. We say that the series (1.1) presents Gibbs’ phenome-
non, if

(1.2) lim sup s.(6,) > f(+ 0), as 6, | 0.

More generally, if only for some 2=0

Akt 0 .
lim == fo O — DH(Bdt =7 >0
exists, and lim sup s.(0.) >j/2, we say that the series (1.1) presents a gener-
alized Gibbs’ phenomenon at §=0; j is the generalized jump of f(8) at 8 =0.
Our aim is to find general conditions for f(f) lor its Fourier coefficients, which
imply a Gibbs’ phenomenon. It is known that the jump j is closely connected
with the asymptotic behavior of the sequence {nb,.} ; on the other hand

n sin »0,

sn(6,) = Z vb,

1.

is a linear transform of {#b,}, with the triangular matrix @, =v~! sin ¥0,,
v=1,2, -+ ,n In aprevious paper [3](!) we have discussed the relationship

of the transform
sin »0,

T(6,) = E Ty
1 v
to the Cesaro means of the sequence {f,.}. As an application we have proved
the presence of a Gibbs’ phenomenon under general assumptions and we gave
new formulae for the determination of the jump 2f(+0). More general re-
sults are given in the present paper; the knowledge of (3) is not assumed.
We consider trigonometric linear transforms, related to T,. We discuss in
particular the transforms '

Presented to the §miety, April 24, 1943; received by the editors April 24, 1943.
() Numbers in brackets refer to the literature cited at the end of this paper.
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1 1z
B'n = "2— {Tn(on) + Tn(¢n)}, Hn = - Z Tx(o&)v

k=1

1 (o
Sn = —f Tn(t)dt.
on 0

In §5 we prove a theorem on (C, 2) summability of the sequence {nb,.} for
Fourier series.
We shall make repeated use of the well known theorem:

THEOREM A. The convergence of a sequence {‘r,,} implies the convergence of
the transform Toa=2 1wy, if and only if

lim @, = g, exists for v=1,2,3,---,

76—

n

> fow| = 0M), as n— e,

r=1

n
lim Y @, = o exists.

Land N 73 §
We then have lim T, =0 lim r,4+>_ra,(r,— lim 7,,)(%).

2. The average (1/2){ Tn(On)+Tn(¢n)} = B,. On putting p,=1 in Theo-
rem 2 of our paper [3] we get easily the following theorem.

THEOREM 1. Suppose that
1 n
(2.1) —2Xmn—o71 ¢.>0, 0,20, n8, =0(1), np. =0(1),
n 1

and thato(e) = [5(¢~sin £)dt has the same value for all limit points o of the sequence
{n8.}, and the same value for all limit points B of the sequence {npa}; then
(2.2) lim B, = (1/2)(a(a) + o(B)).
7n— 0
For the special case ¢,=m/n see Rogosinski [1, 2].
We next assume (C, 2) lim 7,=7. Let 7/ =D _t7,, 2= _ur), then our as-
sumption is: 272/n*—1. We write A’T,=7,, ATo=7n—Tns1, A2, =A(AT,);

then \
e sin v, + sin v, sin (n — 1)8, + si — Déon
B,= Y nA’ +sinvds r,f_l{ in (e = D0+ sin(x - 1)¢

1

14

(2.3) n—1

Tn

sin 7, + sin ne, sin 78, + sin n¢,
2 ¢}+ 2 ¢’

n n

(?) The statement at the beginning of §2 in [3] should be corrected accordingly; it does not
affect the rest of the paper. i
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It follows from Theorem A that, if in addition to the assumptions of Theorem 1,

n-2 sin 18, + sin v¢,

32| Al
1

sin (n — 1)8, + sin (n — 1),
n—1
+ nl sin 76, + sin n4>,.| = 0(1),

then again (2.2) holds.
- We now assume 7(¢n—0,) =(2u—1)w+ 084, 6,=0(1/n), u an integer =1.
Then

1
sin n9,, + sin n¢, = 2 sin % (0. + @) cos —Z— On — ¢n) = 0(—);
n

nil A

14

also

0» "'¢n

n n
cos 0, — ¢n) = cos—z— (6, — ¢a) cos

. n . on - ¢u 1
+ sin — (6, — ¢,) sin = 0(——)
2 2 n
Furthermore, for 8 >0,

sin »9 ot 4
A? = A? f cos vidt = R f A%dt, z = cit,
14 [] 0

Hence
sin »8 6
A? = Rf 2(1 — 2)%dt,
v )
and .
sin »0 o 0 . .
A2 < f I 1 — z‘zdt - f l it/ — c“”"dt

(2.4) 0 0

o t ] 63
= 4f sinz-—dt<f £2dt = — .
0 2 0 3

Thus in view of (2.1)

n—2 2
Zv A

1

2 sin b, - sin v,

14

<@+ 8D = o).

We have thus proved the following theorem.

THEOREM 2. Suppose that (C, 2) lim r,=7, ¢.>0, 6,20, n6,=0(1),
=00, (2u—1)7+0(1/n), u an integer greater than or equal to 1, and that
o(a) =[5t sin tdt has the same value for all limit points a of the sequemce
{nﬂ,.}. Then lim B,=(1/2) {a(a) +o(a+(@u—1)7)}.

3. The average (1/7) 2", T(0,) = H,. We have
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(3 1) nHy =Y, > vir,sinvh = 2, vir,) sin v, = 2 Cors,

k=] pax] r=1 K=y ye=1

where.

3.2) Co = _IZ sin »0,, v=12---,n

K=y

Thus #nH,=2_7"'(Cny— Cn 1) s+ Canrs. We first prove the following theorem.
THEOREM 3. If (C, 1) lim 7,=7, and

1 n
(3.3 — > | —a|—0,
. n
then
a 3 t
(3.4 H,.-”f %dt.
: 0

(3.3) is strong summability (C, 1) of the sequence {n6.} to e; it implies
that 6,—90, hence lim,.. 7#7'Cyy =0 for each ». Furthermore ‘

n—1

ZVIC,.;—C”,1+1| +”|C'"'| ’

1

14

isiﬂ Vo, — Z"sin (v+1)0‘l+|sin 10, |

K=V 14 135

n—1

=2
1

. n—1

>

n—1 n
< X |sinyg, | + > (sin v8, — sin (v + 1)6,) l
1

k=v+1
n—1 n
+ > >sin (v + 1)6, | + 1
1 v+ 1 v+1 '
n n—1 n 0 2 1 n—1 n
<Su+25 i Eeos 2 o+ S0+ 1
1 1 11 ‘ 2 1 vl

<3> W, +1=0(n), as n— »,
1 - :

hence H,=0(1). Thus, in order that H, has a limit whenever #»~'r,] tends to
a limit 7, the additional condition is that

l n 1 n n
lim — Y. C,=lm— > »1> sinf, =0

noo N yul 7 o= K==p

exists. We then have H,—o7 (cf. Theorem A). Now
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1 2 12
- Ecnv = st(ok),
n n

k=1

and \ ;
Se6) = N lsinM, = | ° ( > cos )\t) dt
A=1 0 ) 1
0. e sj 1/2)¢
: 2 o 2sin (¢/2)
Furthermore

f’ sin (:f + l/z)tdt _ f’ sin (k + 1/2)¢ i
o 2sin (¢/2) ° ¢

+ fo'sin (x+ I/Z)J{Tnl(t/T) - %}dt.

and, from the mean value theorem,

1 1 t—2sin(4/2) ¢
8% K—m-——=r—-—"—"<—, 6<t<m
2sin (¢/2) ¢ 2t sin (¢/2) 12
Hence '

f’ in ( +1/2)t{ ! 1}dt|< lf"tdt 1 0?
sin —_— — = — 9?2,
o 2sin (4/2) ¢ 12J, " T4

and

0. (+1/2)0x sin ¢ 2
s,(o‘)——7+f 2+ o]
. v

« sint (et+1/2)0x gip ¢ 0. 2
=f dl'l'f dt — — 4+ 8.4,
0 t @ t 2

where | &, <1/24. Thus, for 0<6, <1,
@ sin ¢

500 - [T 220
0 ¢

and from (3.3)

%z:)s‘(o‘) - f

L3
0

<| @+ 1/2)8 — «| + 0. < | 8 — | + 20,,

in s 1 = 2
Eﬁ—dt‘<——2|x0,—a|+—20.—->0;
4 n o1 n 1

which proves Theorem 3. For the case of (C, 2) summability we prove the
following theorem.

THEOREM 4. If (C, 2) lim 1, =7,
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(3.6) Ev2|0,—0,+1|=0(n), as n— o,

1
and if (3.3) holds, then (3.4) holds. v
Evidently (3.3) implies >_m0, =O(n) ; furthermore

BT D00, — b)) = 3 (20 — 196, — 1%y = O(n) — #%ss,
1

1

hence from (3.6)
(3.8 nf, =0(1) as n— o,
We have from (3.1)

n—2
nH, = -r,,”A2C,,, + ‘r,:il(C,.,,‘_l - chm) + T:;’Cum
1
where #C,,=sin 18, =0(1), and
#(Canet — 2Cna) = O(1) + (n/(n — 1)) {sin (n — 1)8.—1 + sin (n — 1)6,} =0 (1).

Furthermore, using (2.4) and (3.8),

n—2
2| arc,, |
1
n—2 1 n n 1 n
= > »|— D sinwf, — > sin (v + 1), + —— Esin(v+2)o,l
1 V k=r v+ 1 ke=p+1 v+ 2 Km=y4-2
=, 1,. . 2,
< > v?|— (sin w8, + sin v,41) — I sin (v + 1)6,11
1 14 14
=2 n (sinvd, 2sin(v+ 1), sin (v + 2)8,
e ( _ . sin(v+2) )
1 k=42 14 14 + 1 v + 2
n—1 ’

< O(n) + X »| sin 8, + sin v,41 — 2 sin (v + 1)6,41 |

1

n—2

+ Z y? i | A%~! sin uo.l

1 k=v+2

n—1 n n
< O(”) + Z l'(or+l + 0v+l + l’I 0, — ov+l| ) + Z V’( 20:>
1 1

K==y

n

=0(n) + o( ) v’of) = O(n).

1
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Now (3.4) follows as in Theorem 3. This proves Theorem 4. In this connec-
tion the following lemma is of interest:

LemMmA. If for some ¢ >0

(3'9) 0§0n+1§(1+c/”)0m n=123,--- ’
and
(3.10) > v8, = O(m), asn— »,

1

then (3.6) and (3.8) hold.

We write D 1v2|6,—0,41| =>_'+>."", where >’ contains all terms with
0,<0,41, and >_"’ the rest. Now, using (3.9) and (3.10),

= ci v, = O(m),
1

and from (3.7)

ST < 2:(2v — 1)9, = O(n),

hence Y.’ =0(n) and (3.6) is proved. This and (3.10) yield (3.8). In particu-
lar in Theorem 4 assumption (3.6) can be replaced by 6, | .

4. The integral mean (1/0,) /(O _2r,»~! sin »t)dt. To a given sequence {T,.}
we consider the transform

. 1 — cos b,

(4.1) S, ='01—nj;0”($-r.sinvt)dt= >

T, = @niTy, 0, — 0;
1 1'20,. 21 ’

so that now

(4.2) G = (1 — co0S 18,) /%%, v=1,2-,m

Evidently 0 <a@,,—0 as n— » ; hence a necessary and sufficient condition
that for every convergent sequence 7,—7 the sequence S, has a limit o7 is
that lim >_34,, =0 exists (from Theorem A). Now

» 1 — cos b, by »  sinw
>z — =f (Z l)dt
1 y? 0 1 14

_ On _L ¢t sin (n + 1/2)
—fo { 2 +fo 2 sin (u/2) dx}dt

sin (n + 1/2)¢ i
2 sin (¢/2)

b

_Z 3

0n
+ (on - t)
0
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thus

2 .

" 0. —1 [0 sin 1/2)¢
Za,.,=——+0,,l (on—t)——(ﬁi—idt
1 4 o t Find

on

_1 1 -1
0 Op — )4 ————— — ¢ si X
+ . ( t){z 5 (/2) p } sin (n + 1/2)tdt
and using (3.5)

i [ ;){ ! 1} in (2n + 1) tdt'
' n — ————— — — % sin —_
0 2 sin (¢/2) t " 2
1 [P tdt 1
<0;' [ -0 —<—6.—>0.
) 12 24 A
Hence o
n -1 (n+1/2)60, t sin t
an = o(1 0. f (0,. — ) dt
zl: o(1) + ° n+1/2 t
(n+1/2)0n Sint 2 o ]
=ol+f dt — 1 — cos (n+ 1/2)0,].
(1) , ; (2n+1)0,.[ (n+1/2)

If B=< » is a limit point of the sequence {#0,}, then for a subsequence of
integers n :

n B sin¢ 1 - B
3 an - f it ———2F  op).
1 0 ¢ B

Now g’(8) =(1—cos )/8220, hence g(8) T, as B increases, to g(») =m/2. We
have thus proved: i

THEOREM 5. In order that for every convergent sequence T.—7 the trans-
form Sn,=) ir,(1—cos v0,)/v%0, has a limit, it is necessary and sufficient that
liMp e 0n =B, BS ©, exists. We then have S,—tg(B), where g(8) =[5t sin t)dt
—(1—cos B)/B<m/2.

We now assume only #n—1y 2r,—7, or n~'r,/ —r. We have S,=2 1 (G
—Qny+1) Ty +@naT4 ; and the additional condition for the existence of lim S,
is by Theorem A:

n=l |1 —cosvd, 1 — cos(v+ 1)0, 1 — cos nf,
» -
1 v?0, (1' + 1)20n 10

= 0(1),

or

4.3) 6, 'fp‘ﬂ @+ 1)1 = cos 9,) — »'(1 — cos (v + 1)8,) | = O(1).
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But

1N - » 1 — cos b, n
6" X *(2v + 1)(1 — cos 16,) < 3% —20—” = 3 aw = 0D,
VUn .
hence (4.3) reduces to ;!> 2"%~!| cos ¥, —cos (¥+1)8.| =O(1), as n—w, or
2w sin (v4+1/2)6. |—0(1)
But this condition is equivalent to 76, =0(1) (cf. [3, §2]). Thus we have
the following:

THEOREM 6. The transform S,=_tr,(1—cos v8,)/»*0,) has a limit for every
sequence {-r,;} which is summable (C, 1) to 7, if and only if lim n0,=B< o ex-
ists. We then have S,—1g(B).

We finally assume (C, 2) lim 7, =7; using the formula

n—2

Z ayT, = Z TrA a, + Tn—l(an—l - 201;) + Tnam

we now get for the existence of lim S, the additional conditions

n— 2

2|1 — cos v, 1—cos(v+1)8, 1— cos(»+ 2)0,
4.4)0, -2 = 0(1),
(4.4) Zl: »2 v+ 1)2 r + 2)2 ®
@.5) 0;.1%2 1 —cos(n— 1)0,.'_ 1 — cos nf, 1 — cos #n, _ ‘0(15.'
('ﬂ - 1)2 nt n

In particular sin? #6,/2=0(0,) =0(1), hence #8,—B=2\7, N an integer.
We assume A>0; on putting #6, =2Aw+2¢,, €,—0, we must have :

sin? (A\r + ¢,) = sin? ¢, = O((\r + €,)/n) = 0(1/n),

or €,=0(1/n'%). To satisfy (4.5) the additional condition is sin2? (z—1)0,
=0(0,), or (sin %8, cos 0, —cos 78, sin 8,)2=0(1/%), which reduces to our pre-
vious condition. We finally show that now (4.4) is also satisfied. We have

1 — cos vl ¢ ¢ 4
_—= f dt f cos vudy = f (6 — o) cos vtdt,
v? ) ) 0

hence
1 — cos v o 4 )
2 — =f (6 — HA? cos vidt = Rf 6 — Hzr(1 — 2)2dt, 3z = €',
14 0 0
and
1 — cos v 64
lA—-—-——— f(o—t)ll—e'”dt<f (0—t)t2dt—-—1—£-
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Using this inequality, the left side of (4.4) is less than >_7~%,%03 <n%3=0(1).
This proves the following theorem.

THEOREM 7. The transform S, has a limit or (with o #0) for every sequence
{‘r,.} which is summable (C, 2) to 7 if and only if n0,=2(\rw+e¢,), €.=0(n"1%),
\ an integer greater than 0. We then have S,—7 [57¢~! sin ¢ dt =70 (2\7).

5. (C, 2) summability of {nb,} for sine series. We shall prove the following
theorem.

THEOREM 8. If f(6)~2_1b, sin v8, and for some j

[ 0
5.1) f |76 = i/2) s = 0@, [ {50 = j/2}ds = o(6), as 010,
then

(5.2) (C, 2) lim nb, = j/.

We have, for 7,=nb,,
n 2 L 3 n
‘r: =X (m—v+ 1), = —f f(t)( S (n—v+ l)vsinvt)dt,
1 wJo 1

and X }(n—v+1)v sin vt = —(d/dt) > _*(n—v+1) cos »t. On putting

7 1 sin (n + 1/2)¢
; cos vt = —;-l-mz)— = 0.(8),
we have
n n n 1 n
;(n—v-l- 1) cos vt = ;Uy(t) = ——2—+m2;sm(v+ 1/2)¢
=24 ! {sin? (n + 1)(¢/2) — sin? (¢/2) }
2 2 sin (¢/2)
n+1 1 sin? (n+ 1)(¢/2)
T T2 T2 i)
hence

f: (n—v+1)v sin vt
(5.3

1 si 1)(/2 ¢ t ¢
=— w{ccs’% sin (n+1) 7 (n+1) cos (n+1) 7 sin;} .

2 sin? (#/2)
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2 sin (n4+1)(#/2) ¢ A U
(5.4 m —f Sin (7/2) {sx nn 7— n cos (n+1) 7 sin ?} dt;

furthermore

f"’(z":(”_v+ l)vsinvt>dt
n (n—1)/2
;(n—v-i-l){l-—(—- }=2 X (-2

A==0
(n=1)/2 / 5
E )
A=0 2

say, where 2hn/n?>—1 as n— . Our aim is to prove

(5.5)

(5.6) to/bn—j/m  or  (ra — jhn/%)/ha— 0.
From (5.3), (5.4) and (5.5)

o= —ih=— [ {0 - ir2) figfn—"%;)zg’—m K.,
where
K. () = sin (nt/2) — n cos ((n 4+ 1)¢/2) sin (¢/2)
= nsin (¢/2)(1 — cos ((n + 1)¢/2)) — (n sin (¢/2) — sin (nt/2)).

Now from (3.5)

$.7

< (D) st g t e
sin® (t/ 2) (t/ 2)3 sin (t/ 2) ¢t/ \sin® (¢/2) = tsin (¢/2) ¢ )
¢

™

6 sin? (t/2) < em @2

and

| K.()) | < nsin (¢/2) + | sin n(t/2) |.

Hence

r 1 1
100 =12 (g~ ) 0 O+ D 5 a0t

T LT . | sin (nt/2)| B _ )
<"§"f° | 1) —J/ZI("'I'W)JJ = 0(n) = o(hn);

thus (5.6) will follow if we prove
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ﬁ%qumﬂﬂﬁgiﬂam@a=mﬁ

In view of (5.7) this will follow from

(5.8) fot{f(t) —j/2} Si—n(—(f:—l)i/-z—)sin%(l — cos (n + 1)§>dt= o(n),

and

L 3 2
wwﬁMwwﬂﬂﬁﬂM%"

t
" n sin 5~ sin n 7) dt = o(n?).

Again, using (3.5),
* . sin ((n + 1)¢/2) / ¢ Lt ‘ t\
j; {f('t) —j/2} -———————(7 - sm7)(1 —cos (n+ 1) 7)aul

13

<[7110 - izl at = o,
0
thus (5.8) is equivalent to

f'Uw—Jm}ﬂﬁggiﬂg(u—wuﬁ+n§)a=owx

or

sin ((n 4+ 1)¢/2) — 2! sin (n + 1)¢
tz

dt = o(n).

hsﬁkw—ﬂn

We write I,=J{"+ [5,=Li+Ls, say, where ¢ is a constant, arbitrarily
large. On putting [¢ { @) — j/2}dt=F(0), and using integration by parts, we
get from (5.1) :

F() sin (n + 1)(¢/2) — 271 sin (v 4+ l)l]””

¢ ¢ 0

L

— (n +'1)j;mF(t) coé ((n + l)t/22)tz— cos (n + l)tdt

+ Zf clnF(t) sin ((n + l)t/Z) — 2-1sin (n + l)t at

ts

= o(n) + o(n)- fd”r‘| sin (3(n + 1)t/4) sin ((n + 1)¢/4) | dt

+ o(1) f " 2 sin® ((n + 1)i/4)dk = o(n),
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as n— o, Furthe}-more lel <f,7,,|f(t) —37/2|2 sin? ((n+1)t/4)/t%dt; we use
here Fejér's inequality, sin? x <(2x/(1+x))? for x>0. Then

(n 4+ 1)? L dt
2 — /2
Ll <= ﬁm“w e
oty o) ]5
2 (1 + ((” + 1)‘/4))2 c/n

+(n + 1) f * (n+ 1De(9)at
2 on 41+ ((n + 1)1/4))3
where ¢(0) = [¢ | f@)—j/2 | dt. But from (5.1), ¢(6) <v9, v an absolute constant,

hence
(n + 1)3 * tdt
| Z| <o) + — Vf,,," (1 + ((n+ Dt/4)?
(n + 1)2 * di . Z‘y(ﬂ + 1)
<o) + 2 'Yj::/” (1 + ((n + 1)2/4))? < 14¢/4 + 0(1),

and lim sups. #1L: S8v/(4+c). Thus lim sup, .., n‘ll I,.I =8y/(4+c); but ¢
being arbitrary, now (5.8) follows.

Similarly we decompose the left side of (5.9) into [¢/*+ [7, = Mi+ M, say,
where

'Mx =fdn {f(t) - j/2}t’3[-ﬁ-(cos n—t— — cos (n + 2)‘i)
0 2 2 2
+ i(cos 2n 4+ 1) i — cos i):l dt
2 2 2

c/n
EL{M—WV@Wt

c/n

= F(t)t"Q,.(t)]

0

- f mF(t)t-*Q,.' (Hdt
[]

c/n
+3 f Q. (OF ().
0
The mean value theorem yields

QB QLM Qe 0@ 1

nitt dnt® 1204 24uM 96
for t—0, hence, using (5.1), we find that M;=0(n?), as n— .
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To estimate M, we use the formula
nsin x — sin nx = sin 3, {1 — cos (n — 2» + )z} >0, 0<x<m,
y=1
which follows from
sin nx  einT — ¢min®

= = D eitwDs = 3~ cos (n — 2v + 1)x.
1 1

sin x ez — g—iz

Now

i{l —cos(n—2v+1) %}dt
1

¢
2

{l—cos(n—2v+1)%}dt=}: D,

WEn

| M,| <f | /(&) — j/2| £ sin
c/n

< f |76 — /2| 72 X

2vSn

say, and, as in the estimate of L,

(n— 2v+ 1)2 2y(n — 2v + 1)
D, < ¢(m 20+ (n — 20 + Dr/d) 1+ c/a
8y(n — 2 + 1
< ¢(,,-) + _Z_(iz4_+_yz_+__2 .

Hence IMzI <n¢(mw) +4yn?/(4+c), and lim sups.. Ile /n2<4v/(4+c); cbe-
ing arbitrarily large, we finally get (5.9), and Theorem 8 is proved.

6. The jump of f(8) and Gibbs’ phenomenon. The foregoing results enable
us to give new formulae for the jump of f(f) and to prove a Gibbs phenome-
non.

THEOREM 9. Under the assumptions (5.1), j is determined by any one of the
formulae

1
6.1) (C, 2) lim nb, = —j,
T
1 T sint
(6.2) Zb,smv— —] —t—dt
T sin¢
(6.3) llm s, (—) =—j — dt,
Ao N1
2x/n 1 2* sin ¢
6.4) lim 2 f su(Bdt = = sz,
[}

where sa(t) =2 _1b, sin vl.
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(6.1) is the statement of Theorem 8; (6.2) follows from Theorem 2 for
0.=0, ¢.=7/n, To=nb,, using (6.1). Similarly (6.3) follows from Theorem 4
for 7,=nb,, 0,=7/n, and (6.4) follows from Theorem 7 for 8, =2 /n.

To prove a Gibbs’ phenomenon under the same assumptions, put, in Theo-
rem 2, 7,=nb,, 0,=0, nd,=7+0(1/n), then

1 *
Sa(dpn) > — 7 f t1 sin tdt,
T 0
hence
lim sup 5,(6,) = j/2 X 1.08949 - - - | 6,10.

Similarly from Theorem 4 fora==
12 1 - .
— > 5(0)—>—j f +1 sin ¢dt,
n 1 L 0

hence
1 L
lim sup s,(6,) = —j f t~1 sin tdt.
T 0

Theorem 7 also proves the presence of a Gibbs' phenomenon, however with
a smaller constant.

We may also combine Theorem 8 with Theorem 3 of [3], putting there
pn=1, k=2, n0,=7+0(n"'). Summarizing, we have the following theorem.

THEOREM 10. Under the assumptions (5.1)

. 2 . ¥4
hran”ls‘}lp 12 b, sin v, = ——2- ,

where
2 L4
g=— [ rrsini=1.080. ..
T 0
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